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This thesis presents a study of single-walled carbon nanotubes (SWNTs) using
revised Cosserat rod models. A SWNT is a thin hollow cylinder, with diameter
of the order of 1 nm and length possibly as large as 1µm. Its wall is composed of
a single layer of carbon atoms with an estimated thickness around 0.335 nm. A
single walled CNT (SWNT) is classified as armchair, zig-zag or chiral, depend-
ing on the (regular) arrangement of atoms on its surface.
In general, CNT models based on traditional continuum mechanics can be in-
consistent or inaccurate [57, 44, 16], while atomistic simulations can be pro-
hibitively expensive. Atomistic-continuum models e.g. the quasi-continuum
approach, originally proposed for bulk crystals [47, 51], attempt to combine the
accuracy of atomistic simulations with the efficency of continuum models. This
approach has been applied to CNTs [61, 26, 8, 9, 7, 10, 2, 55, 11].
At relatively long length scales, it makes sense to propose a one-dimensional
model for a SWNT. For such long nanotubes, one-dimensional models are at-
tractive for both theoretical modeling as well as numerical simulation. Chan-
draseker et al. [10] proposed a Cosserat rod model [1] for a SWNT that can
capture large deformations of SWNTs. This model includes deformation modes
such as bending, twisting, extension and shear, as well as coupling between ex-
tension and twist and between shear and bending. Kumar and Mukherjee [31]
futher developed the Cosserat rod model to incorporate cross-sectional defor-
mation and allow coupling between cross-sectional deformation with twist and
extension.
In this work, finite element simulations of both standard and revised Cosserat
rod models are carried out. Using a standard Cosserat rod model combined
with atomistic simulation, the governing equations of a rod model are tran-
formed into weak form and discritized. The weak form of the govening equa-
tions contain both geometric and material nonlinearity. A implicite iterative
method, based on the Newtown-Raphson method is performed to find the con-
verged solution. Several numerical verification cases are performed to validate
the method and demostrate the capability of this numerical implementation. Fi-
nally, in the case of the revised Cosserat rod model, a similar process is carried
out to find the finite element solution. In this case, material property is assumed
to be linear and only geometric nonlinearity is incoporated.
Finally, a mathematically consistent extension to the revised rod theory is de-
veloped that connects an isotropic and hemitropic rod by exploring material
symmetry. This proposed approach is applied to model SWNTs with different
chiralities. It effectively connects the modeling of different types of SWNTs us-
ing five material parameters. The connection between different types of SWNTs
is controlled by the chirality angle in the this derivation. Future effort could
involve solving the inverse problem to find these material parameters.
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CHAPTER 1
INTRODUCTION
Modeling of deformation of a carbon nanotube (CNT) has been a popular topic
of research in recent years (see, e.g., [10], [2]-[56]). A CNT is a thin hollow cylin-
der, with diameter of the order of 1 nm and length possibly as large as 1µm. Its
wall is composed of a single layer of carbon atoms with an estimated thickness
around 0.335 nm. A single walled CNT (SWNT) is classified as armchair, zig-zag
or chiral, depending on the (regular) arrangement of atoms on its surface.
Chandraseker et al., in a recent paper [10], have proposed an atomistic-
continuum model based on Coserat rod theory, for deformation ( extension,
twist, shear and bending ) of a chiral SWNT. A quadratic representation of strain
energy density for a chiral SWNT was used here. This representation was pro-
posed earlier for a chiral rod in [22].
The second Chapter of this thesis addresses FEM analysis of SWNT rods sub-
jected, in general, to axial and transverse loads, as well as bending moments
and torques. The FEM model uses the aforementioned quadratic strain energy
density representation from Ref.[22]. Derivation of the weak form is analogous
to Refs.[48] and [31]. As a result, geometrical nonlinearities are included in the
FEM model, while material nonlinearities are included by virtue of the fact that
the parameters in the strain energy expression are strain dependent. Also, as
a consequence of the adopted strain energy density expression, the SWNT is
anisotropic.
An interesting conclusion of [10] was that the SWNT with bending modulus
1
BR, was much more flexible in bending compared to a ‘simple’ beam with other-
wise identical geometrical and material properties, but with a bending modulus
YI (Young’s modulus× Section area moment of inertia) based on standard con-
tinuum mechanics (according to [10], BR = .0168YI, see also, [44]). However,
in a recent paper [41], the authors conclude from experimental observation and
post-processing of their experimental data, that Br ≈ EI (within experimental
scatter). Section 6 of the second Chapter revisits [41] and argues that this con-
clusion in [41] may be wrong!
The second chapter is organized as follows: In Section 2, we discusses the kine-
matics of the Cosserat rod model and the hyperelastic constitutive model. In
Section 3, the weak form of the governing equation is derived. Section 3 is fol-
lowed by a detailed discussion of the treatment of material nonlinearity of a
carbon nanotube. Section 5 presents several numerical examples. Section 6 re-
visits a recent paper [41]. A concluding remarks section completes the Chapter.
Gould and Burton [20] proposed a modified Cosserat rod model with de-
formable cross-sections. In addition to failing to capture the Poisson coupling
between axial stretch and cross-sectional shrinkage, their model was also lim-
ited to isotropic and linear material behavior. Their model also assumes that the
deformation of a cross-section is decoupled from other deformation modes such
as bending, twisting or axial stretching of the tube. To address these limitations,
Kumar and Mukherjee [31] proposed a new rod model that allows deformation
of cross-sections. Using symmetry arguments, they also derived its quadratic
strain energy density form which accounts for all the relevant coupling modes
reported in Chandraseker et al. [10]. In addition, it also accounts for the pres-
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ence of coupling between cross-sectional and other deformation modes such as
the Poisson coupling between axial stretch and cross-sectional shrinkage and
coupling between twist and cross-sectional shrinkage. The quadratic strain en-
ergy density in this model has 12 parameters. These parameters are obtained
in Kumar et al. [32]. It is important to mention here that the results reported in
Kumar et al. [32] has an important limitation, i.e., periodic boundary conditions
imposed in the Tight Binding Density Function (DFTB) simulations suppress
any induced twist that is typically generated when a chiral nanotube is axially
stretched. As a result, the extension-twist coupling parameter turns out to be
nearly zero. The value of this parameter is recalculated in the present work.
The third Chapter presents a FEM implementation of (9,6) chiral and (10,10)
armchiar SWNTs using a modified Cosserat rod model that also allows its cross-
sections to deform [31, 32]. Kinematics of the model is presented first. This is
followed by a discussion of the weak form of the governing equations. Numer-
ical results for several examples follow next where the emphasis is placed on
(1) coupling between extension, twist and cross-sectional deformation and (2)
global buckling of a (10,10) Chiral SWNT. A concluding remarks section com-
pletes this Chapter.
The last Chapter presents an analytical study of reduced moduli for a revised
Cosserat rod model. By exploring material symmetry of SWNTs, the twelve rod
parameters can be reduced to five material parameters and chirality angle to-
gether with cross-section integrals. This approach not only reduces the number
of parameters but also provide an explicit relationship between different types
of rod chiralities. Using this result, we can use one set of parameters to model
3
all types of SWNTs.
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CHAPTER 2
FINITE ELEMENT ANALYSIS OF SINGLE-WALLED CARBON
NANOTUBES BESED ON AN ATOMISTIC-CONTINUUM COSSERAT
ROD MODEL
2.1 Kinematics and Strain Measures of a Cosserat Rod Model
This section presents the kinematics of static deformation of Cosserat rods. The
definition of strain measures and the associated physical explanations are dis-
cussed.
In a rod model [20, 1], an undeformed configuration of the rod is definded in a
global fixed coordinate with the orthonormal basis{e1, e2, e3}. The undeformed
rod is straight and parallel to e3 with plane cross sections. Let s denote the arc-
length coordinate for the undeformed rod. Then, r(s) and R(s) are defined as the
configuration variables with r(s) the position vector of the centerline and R(s) is
the rotation matrix of the cross section.
When the rod has not deformed:
r(s) = se3, R(s) =

1 0 0
0 1 0
0 0 1
 (2.1)
A moving frame with orthonormal basis {d1,d2,d3} called directors are defined
with {d1,d2} span the cross section:
di(s) = R(s)ei; i = 1, 2, 3 (2.2)
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Figure 2.1: The kinematic description of a Cosserat rod [10]
Then the deformed configuration is uniquely expressed by r(s) and R(s) (see
Fig.2.1). By differentiation of (2.2) with respect to s, we have
d
′
i = R
′
RTdi; i = 1, 2, 3 (2.3)
Since R′RT is a skew-symmetric tensor, there exists a unique vector
κ = κidi; i = 1, 2, 3 (2.4)
such that:
d
′
i = κ × di; i = 1, 2, 3 (2.5)
Similarly, differentiating r(s) with respect to s yields
r
′
i = νidi; i = 1, 2, 3 (2.6)
Here, κi and νi are ‘strains’[1]. Specificly, κ1 and κ2 represent ‘bending’ and κ3 is
‘twist’, ν1 and ν2 are ‘shear’ and ν3 is ‘stretch’. For a hyperelastic rod, a strain
energy function can be defined as[22]
Φ =
∫ L
0
W(ν1, ν2, ν3, κ1, κ2, κ3)ds (2.7)
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We define triples ν = ν1, ν2, ν3 and κ = κ1, κ2, κ3. Now, we can obtain the
internal contact force n = nidi and internal moment m = midi
ni =
∂W(ν, κ)
∂νi
, mi =
∂W(ν, κ)
∂κi
i = 1, 2, 3 (2.8)
Equation (2.8) is the constitutive equation of the rod model.
2.2 Weak Form of Governing Equations and Linearization
To implement the finite element method, we need to find the weak form of the
balance equations. Generally, two approaches can be used. One is multiplying
the balance equation with an arbitrary admissible variation of displacement and
then integrating by parts to get the weak form. The other method is by variation
of the stationary potential energy. Here, we use the second approach to obtain
the weak form. First we perturb the configuration of a rod about an arbitrary
equilibrium configuration (r(s) and R(s))
r = r + ∆r, R = exp(∆Θ)R (2.9)
Here, ∆Θ denotes an admissible, skew-symetric matrix and we can find the axial
vector ∆θ of it. As in Simo and Quoc[48], R denotes a SO(3) proper rotation.
Then neglecting higher order terms, the strain measures are expressed as:
ν = RT r
′

= (exp(∆Θ)R)T (r + ∆r)
′
= RT (I − ∆Θ + 
2
2
∆Θ2 + · · · )(r′ + ∆r′)
≈ ν + RT (∆r′ − ∆θ × r′) + 
2
2
RT (∆θ × (∆θ × r′) − 2∆θ × ∆r′)
(2.10)
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κ = axial(RT R
′
)
= axial(RTexp(−∆Θ)((∆Θ′ + 2∆Θ′∆Θ)R + exp(∆Θ)R′))
≈ κ + RT∆θ′ + 
2
2
RT (∆θ
′ × ∆θ)
(2.11)
Taking the variation of the strain energy expression (2.7) with respect to , one
gets the weak form:
G ≡ dΦ
d
|=0
=
∫ L
0
(
∂W
∂ν
· dν
d
+
∂W
∂κ
· dκ
d
)ds
=
∫ L
0
(
∂W
∂ν
· (RT (∆r′ − ∆θ × r′)) + ∂W
∂κ
· RT∆θ′)ds
=
∫ L
0
(n · ∆r′ + m · ∆θ′ + (r′ × n) · ∆θ)ds
(2.12)
Now, following Simo’s notation, we use the variables η0 and ψ instead of ∆r
and ∆θ. Here η0 and ψ correspond to smooth variations of r and R, respectively.
Then the weak form becomes:
G ≡
∫ L
0
(n · η′0 + m · ψ
′
+ (r
′ × n) · ψ)ds (2.13)
It should be noted that this weak form is only valid for Dirichlet boundary con-
ditions (or free boundary conditions). There will be additional boundary terms
in the linearlized part of G for non-conservative problems[48].
The next step is to linearlize the weak form. In order to do this, we perform
similar perturbations of the configuration r and R to get r = r + ∆r and
R = exp(∆Θ)R. Then, using Taylor expansion, we get:
G(r ,R) = G(r,R) + DG(r,R)
∆r∆θ
 + o|
∆r∆θ
 |. (2.14)
For numerical convenience, we rewrite (3.15) in discrete form. Following
Simo[48], DG(r,R)
∆r∆θ
 is called the tangent stiffness. First the following quan-
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tities are defined:
C(6×6) =

∂2W
∂v2
∂2W
∂v∂k
∂2W
∂k∂v
∂2W
∂k2
, Π(6×6) =
R 00 R
, ET(6×6) =
1
d
ds r
′×
0 1 dds

Thus, the discretized tangent stiffness is presented in matrix form[31]:
DG(r,R)
∆r∆θ
 ≡
L∫
0
[ΠCΠTET
∆r∆θ
 · ET
η0ψ
 +
0 −n×0 −m×

∆r0∆θ0
 · ET
η0ψ

+ (n × ∆r′) · ψ]ds
(2.15)
The first term in (3.16) is due to linearization of the internal force. We write it
below as the material part of the tangent stiffness matrix:
L∫
0
ΠCΠTET
∆r∆θ
 · ET
η0ψ

 ds (2.16)
where C is the elasticity tensor.
The second term is the geometric part of the tangent stiffness matrix:
∫ L
0

0 −n×0 −m×

∆r0∆θ0
 · ET
η0ψ
 + (n × ∆r′) · ψ
 ds (2.17)
Now that we have the tangent stiffness matrix, Newton’s method, together with
the finite element method (FEM) is used to solve this nonlinear problem. We use
linear shape functions for the finite element formulation which will ensure C1
continuity. We will discuss the treatment of material nonlinearity in the follow-
ing section.
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2.3 Material Nonlinearity of a Carbon Nanotube
A carbon nanotube is considered to be a transversely hemitropic rod with flip
symmetry about the axis within the cross-section. Then the strain energy den-
sity function up to quadratic terms, can be written as [22]:
W =
1
2
[Aκακα + Bκ23 +Cνανα + Dε
2 + 2Eεκ3 + 2Fνακα] (2.18)
Here, the coefficients A,B,C and D are bending, twisting, shearing and ex-
tensional ‘moduli’, E is the extension-twist coupling coefficient, and F is the
bending-shear coupling coefficient. Also,  = ν3 − 1 (the extensional strain). The
following conditions are required for positive-definiteness
A, B,C,D > 0, BD − E2 > 0, AC − F2 > 0 (2.19)
This quadratic form of the strain energy density yields the following form of the
elasticity tensor C.
From (2.18), the matrix form of the elasticity tensor is:
C(6×6) =

C 0 0 F 0 0
0 C 0 0 F 0
0 0 D 0 0 E
F 0 0 A 0 0
0 F 0 0 A 0
0 0 E 0 0 B

(2.20)
In (2.20), the diagonal terms A,B,C and D are the primary moduli. We can con-
vert them into usual moduli as in Table.2.1.
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Table 2.1: A, B, C, D in terms of the usual moduli
A B C D
BR GJ S Ac YAc
In Table.2.1, Y is the Young’s modulus, G is the twist modulus and S is the shear
modulus. Also, J is polar moment of inertia and AC is the area of cross-section.
In [10], the bending stiffness BR was found to be only 1.68% of the bending stiff-
ness obtained from using the Bernoulli-Euler beam theory (Young’s modulus
(Y)× bending moment of inertia(I)). Chandrasekar et al. also show that the cou-
pling moduli are small compared to the direct ones and the induced coupling is
fairly small compared to the global deformation. In this paper, we will assume
there is no coupling effect. Then the coupling constants vanish, i.e. E = F = 0.
Using modulii, the elasticity tensor finally becomes diagonal with:
C(6×6) = diag[S Ac, S Ac,YAc, BR, BR,GJ] (2.21)
As a consequence of the assumption of quadratic strain energy, which is a sim-
plified model, all of the modulii above become functions of elastic strain gen-
erated during the deformation. This material nonlinearity is carefully investi-
gated for a chiral (9 × 6) single-walled carbon nanotube (SWNT) in [10]. Here
we show the nonlinear behavior of the Young’s modulus(Y), shear modulus(S),
twist modulus(G) and bending modulus(Br) in Fig.2.2 which contains data from
[10]. The Young’s modulus Y of a cabon nanotube decreases from 1100GPa to
750GPa for a large extension of 25%. The twist modulus stays around 418GPa
until κ3 reaches 0.2 and then decreases almost linearly. The bending stiffness in-
creases moderately as the bending curvature goes up. The shear modulus also
11
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Figure 2.2: Variation of various moduli with generalized strain
drops from 408GPa to 398GPa as a nanotube is being twisted. It should be noted
that here we replot the bending stiffness with respect to bending curvature for
numerical convenience (The x axis is the mid-point deflection of a nanotube in
Fig.11 of [10]). This plot in Fig.2.2 is only valid for diameter .1nm but can be
recalculated for other diameters.
2.4 Examples
In this section, several examples are presented using our nonlinear finite ele-
ment solver. In the first example, we validate our code by calculating a well
known deformed configuration. The second example is a carbon nanotube can-
tilever beam subjected to a constant transverse force at its free end. The result
is compared with a simple continuum rod model with the same geometry. The
third example is the deflection of a carbon nanotube with material nonlinearity.
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Figure 2.3: Deforming trajectories of a cantilever beam subjected to an in-
creasing end moment
In the last example, we calculate a three-dimensional deformation of a carbon
nanotube under complicated loading.
2.4.1 In plane Pure Bending of Simple Cantilever Beam
Simo and Vu-Quoc[48] have used this example to compare their numerical re-
sults with the exact solution. Here, we repeat the test to validate our solver. A
cantilever beam with unit length is subjected to a uniform bending moment M.
The bending stiffness of this beam is 1. When M = 4pi, the beam should deform
into a a full closed circle. The bending trajectory is shown in Fig.2.3. In this
trajectory, each deformed configuration corresponds to an incremental bending
moment of M/30.
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2.4.2 Carbon Nanotube Cantilever Beam
This example is devised to emphasize the significant low bending stiffness of
a carbon nanotube (only 1.68% of YI).Assume that we have a carbon nanotube
with one end clamped and the other end free. The carbon nanotube has a length
of 100nm, the mean diameter of the cross section is 1nm and its wall thickness
is 0.335nm. To observe the low bending stiffness of the carbon nanotube, we
compare it with bending of a ‘simple beam’ the bending stiffness of which is
YI. We load the beam with 1pN transverse force. Since the bending stiffness
of the carbon nanotube is about 1.68% of YI, if there is a point force of 1pN on
the free end of the beam, then the deflection of simple beam should be around
1.68%[10] of the deflection of the carbon nanotube under this relatively small
load (assuming most of the beam deflection is due to bending).
The numerical result in Fig.2.4 shows that under the 1pN load, the end deflec-
tion of a simple beam is 0.0289nm and the end deflection of the cabon nanotube
is 1.7184nm; the ratio is 0.01679. This is in good agreement with the predicted
value 1.68%
2.4.3 Static Deflection of Carbon Nanotube
In this example, we investigate the material nonlinearity of a carbon nanotube.
The carbon nanotube is modeled as a doubly clamped beam. The beam is 100nm
long, with a mean diameter of 1nm for the cross-section and 0.335nm for the wall
thickness. In this model, the Young’s modulus, bending stiffness, shearing stiff-
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Figure 2.4: The comparison of simple beam deflection (left) with carbon
nanotube deflection (right)
ness and torsional stiffness are considered to be nonlinear as shown in Fig.2.2.
The nanotube is subjected to a single point load of 0.1pN at its mid-point. We
compare the deflections of (1) a materially nonlinear CNT, (2) a CNT model
without material nonlinearity and (3) a ‘simple’ beam model.
As shown in Fig.2.5, under the same load 0.1pN, the simple beam deflects much
less compared to the other two models. It can be explained by the fact tha the
‘simple’ beam has much higher bending stiffness than the other two. On the
other hand, the nonlinear behavior of the material properties accounts for the
difference between the materially linear CNT and the materially nonlinear CNT.
It should be noted that the central deflection δsimple , 1.68%δCNT because this is
not pure bending.
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Figure 2.5: Comparison of materially nonlinear CNT deflection (lowest)
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Figure 2.6: Three dimensional deflection of a materially nonlinear CNT.
The left figure is the whole deformed configuration and the
right figure is a snap shot of the right end of the CNT
2.4.4 Three Dimensional Deflection of Nonlinear CNT
This example demonstrates three dimensional deflection of a materially nonlin-
ear CNT. The left end of a carbon nanotube is considered as a fixed end for all
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six degrees of freedoms. The right end is free. The length of the nanotube is
10nm and the cross-section parameters are the same as in the last example. On
the free end of this CNT, we apply the following loads:
F1 = 1[pN]e1, F2 = 2[pN]e2, F3 = −1[pN]e3,
M1 = −200[pN · nm]e1, M2 = −200[pN · nm]e2, M3 = −200[pN · nm]e3
Fig.2.6 shows the deformed configuration under the above loads. The defor-
mation consists of bending, shear, stretch(compression) and twist. The material
nonlinearity is also included in this example. Here, Fk, Mk are external forces
and moments in the appropriate directions.
2.5 Revisit Ref.[41]
The FEM model developed above is used to revisit the conclusions regarding
the bending stiffness BR of a SWNT in[41]. In [41], the authors conclude that
Br is of the order YI(from continuum theory for beam bending). It is felt by the
authors of the present paper that this conclusion in [41] is wrong. The reasons
for this observation are given below.
Table.2.2 and Table.2.3 summarize the results for a beam (of hollows cylindrical
cross section) of length 3000 nm, mean diameter 3 nm and wall thickness 0.337
nm, clamped at both ends and subjected to a central transverse load P. The
central deflection δ of the beam, from a linear strength of materials, bending so-
lution (δ = Pl
3
192YI ), and from the FEM solutions for a simple beam and a CNT, are
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given in this table for various values of the load P. Also given are the partitions
of energy, for the simple beam and the CNT, from the FEM solutions, for these
cases. The FEM solutions include geometric nonlinearities but are materially
linear. The following observations are made:
• Very small load (P = .00001 and .0001pN): Most of the energy, for both the
simple beam and CNT, is in bending. The deflections from the analytical
solution and the simple beam FEM solution are nearly equal, but the CNT
has much higher deflection since it has a much smaller bending stiffness.
• Small loads (P = .001 and .01pN): Most of the energy for the simple beam
is still in the bending mode, while the CNT has much of the energy in the
stretching mode. The deflections from the analytical and the simple beam
solutions, as expected, remain essentially the same. The ratio of δcnt/δsimple
decreases as more and more of the CNT deflection becomes stretching
dominated.
• load=1pN (approximately the same as in the experiment): Around 60%
of the energy for the simple beam is now in the stretching mode, while
for the CNT, almost all of the energy is in the stretching mode. Conse-
quently, δcnt/δsimple = 1.17. while, due to memberane stiffening, the central
deflection of the simple beam is only about 23% of that from the analytical
(bending) solution. The CNT deformation is dominated by stretching. It
is practically insensitive to the bending stiffness and it is not a good idea
to try to determine the bending stiffness of the CNT from the experiment
using the measured central deflection in this case.
• Large loads (P=10 and 100pN): Most of the energy, for both the simple
beam and the CNT, is now in the stretching mode. δcnt/δsimple → 1 while
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Table 2.2: Midpoint deflection carbon nanotube under central transverse
loads
central force[pN] Analytical[nm] Simple beam(FEM)[nm] CNT(FEM)[nm] δCNT /δsimple
.00001 .00035 .00036 .021 61.76
.0001 .0035 .0036 .193 54.75
.001 .036 .036 .774 21.41
.01 .362 .360 1.941 5.40
.1 3.617 2.648 4.421 1.67
1 36.173 8.319. 9.759 1.17
10 361.732 19.901 21.265 1.06
100 3617.316 44.72 46.056 1.03
Table 2.3: Energy partition of simple beam(columns 2, 3, 4) and
CNT(columns 5, 6, 7)(%)( From FEM solution)
central force[pN] Bending Extension Shear Bending Extension Shear
.00001 99.84 0.00 0.16 99.93 0.07 0.00
.0001 99.84 0.00 0.16 94.54 5.46 0.00
.001 99.84 0.00 0.16 53.92 46.08 0.00
.01 99.50 0.34 0.16 21.31 78.69 0.00
.1 84.67 15.33 0.00 9.00 90.98 0.01
1 39.78 60.21 0.02 3.97 95.98 0.05
10 15.82 84.18 0.00 1.80 98.20 0.00
100 6.85 93.14 0.01 0.84 99.16 0.00
the linear analytical bending solution grossly over predicts the central de-
flection. This phenomenon is called membrane stiffening.
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2.6 Concluding Remarks
A FEM model for deformation of SWNTs, subjected to axial and transverse
forces, bending moments and torques, is presented in this paper. This analysis
is based on a quadratic expression (2.18) for strain energy per unit undeformed
length. The resulting constitutive model for the SWNT is anisotropic. Geo-
metric and material nonlinearities are included in this model. Finally, a recent
experimental paper is revisted using the solver developed in this paper.
One assumption made in this work, following standard Cosserat rod theory,
is that the cross-section of a SWNT remains rigid during deformation. This
assumption is not accurate since cross-section deformation of CNTs has been
observed [39]. Also, Simo and Vu-Quoc[49] and Gold and Burton[20] have con-
sidered cross-sectional deformation of rods. The next Chapter will discuss a
revised Cosserat rod model with cross-sectional deformation.
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CHAPTER 3
FINITE ELEMENT ANALYSIS OF SINGLE-WALLED CARBON
NANOTUBES BASED ON A ROD MODEL INCLUDING IN-PLANE
CROSS-SECTIONAL DEFORMATION
3.1 Kinematics and Strain Measures for a Rod Model Including
Deformation of Its Cross-sections
This section presents the knematics of static deformation of a rod model includ-
ing deformation of its cross-sections [31, 32]. The definition of strain measures
and the associated physical explanations are discussed below.
The rod model proposed by Kumar et al. [32] can be described as an extension to
the special Cosserat theory of rods [1]. The model in Kumar and Mukherjee [31]
allows the cross-section to deform anisotropically and also undergo in-plane
cross-sectional shearing. Let {e1, e2, e3} denote a fixed, right-handed, orthonor-
mal basis for R3. The coordinates of a material point on the rod in its straight
state reference configuration are denoted with X = (X1,X2, s). Here, X1,X2 de-
scribe the cross-sectional coordinates and s is the arc-length coordinate of the
centerline of the rod in its reference configuration.
Here, the deformation map for this rod model can be written as:
x(X) = r(s) + Xαdα(s) (3.1)
In this expresssion, r represents the position of the centerline of a rod while dα,
in which α sums from 1 to 2, represent two directors on a cross-section in the de-
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Figure 3.1: A typical rod undergoing deformation from its straight state
reference configuration
formed configuration. Fig.3.1 shows both the undeformed and deformed shape
of a rod. The two directors dα that span a cross-section are allowed to become
non-orthogonal after deformation. The deformation map for the directors can
be written as:
di(s) = R(s)U(s)ei, for i = 1, 2, 3 (3.2)
This transformation could be decomposed into a product of the three dimen-
sional rigid rotation of a cross-section (R) and its in-plane cross-sectional defor-
mation (U). The matrix U is symmetric and positive definite. The matrix form
is shown in the expression (3.3) below. This is an improvement from standard
Cosserat rod theory in which U is taken to be the identity. This transforma-
tion (3.3) keeps the third director unit-normed and perpendicular to the cross-
section.
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U(s) =

a(s) c(s) 0
c(s) b(s) 0
0 0 1
 (3.3)
Here, the eigenvectors of the matrix U define the two directions in which the
cross-section is stretched. The magnitude of this stretch is defined by the respec-
tive eigenvalue of the matrix U. By introducing the U matrix, the cross-section
is allowed to become an ellipse with its axes aligned along the eigenvectors of
U. Here, c is a scalar representing in-plane cross-sectional shearing or “degree
of non-orthogonality” of the cross-sectional directors. Orientation of the axes of
ellipses is also governed by c. In cases when c is zero, a and b are the positive
scalars that represent stretching of the two cross-sectional directors. These three
new field variables are responsible for lateral surface deformations of a rod.
The strain measures in this rod model are obtained from the deformation gra-
dient. Here, v = RT r′ is a 3-vector (v = [ν1, ν2, ν3]T ), the first two components of
which represent shear while the third component represents axial stretch. Simi-
larly, K = RTR′ is a skew symmetric matrix whose axial vector k (k = [κ1, κ2, κ3]T )
is also a 3-vector, the first two components of which represent components of
the local bending curvature while the third component represents twist. There
are additional strain measures due to deformation of a cross-section:
z =

a
b
c
 and z
′ =

a′
b′
c′
 . (3.4)
The strains z′ only appear for the case that the cross-section is non-uniformly
deformed. The strain energy density per unit of undeformed length can now be
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written as a function of these strain measures as:
Φ(v,k, z, z′, s) =
∫
Ω
W(F, s)dΩ (3.5)
Here, W denotes the strain energy per unit of undeformed volume, F denotes
deformation gradient, and Ω denotes the undeformed cross-section of a rod.
Healey [22] proposed that the strain energy density be assumed to be quadratic.
Kumar and Mukherjee [31], using symmetry arguments, derived the mathemat-
ical form of the strain energy density per unit undeformed length for a chiral
rod; the same is shown below for the sake of completeness.
Φchiral(.) =
1
2
[
Aκακα + Bκ23 + Cνανα + D(ν3 − 1)2 + 2E(ν3 − 1)κ3 + 2Fνακα+
2G(ν3 − 1)
(
a + b
2
− 1
)
+ 2Hκ3
(
a + b
2
− 1
)
+ I
(
a + b
2
− 1
)2
+
J
{
(a − 1)(b − 1) − c2
}
+ K
(
a′ + b′
2
)2
+ L
(
a′b′ − c′2
) ]
(3.6)
The physical meanings of the twelve parameters in (3.6) are as follows:
• A: bending modulus
• B: twist modulus
• C: shear modulus
• D: axial stretch modulus
• E: coupling coefficient between extension and twist
• F: coupling coefficient between shear and bending
• G: Poisson coupling between axial stretch and average cross-sectional
stretch
• H: Poisson type coupling between twist and average cross-sectional
stretch
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• I: average cross-sectional stretch/ cross-sectional size modulus
• J: cross-sectional area change (of 2nd order) modulus
• K, L: penalty for variation in the cross-sectional strains a, b and c along the
length of a rod
In case of achiral or isotropic rods, the coupling terms (E, F, H) in (3.6) would
vanish. The coupling between twist and average cross-sectional stretch (corre-
sponding to the parameter H) is a new type of coupling for chiral rods. Often,
rods are assumed to be unshearable [30] and, in this case, the terms correspond-
ing to C and F in (3.6) can be neglected. Invoking strong ellipticity from non-
linear elasticity, the parameters in the energy expression (3.6) can be shown to
satisfy the following inequality constraints in order for a rod to be materially sta-
ble [30, 31]. These inequality constraints were derived in Kumar and Mukherjee
[31] and are also shown below:
• A>0, B>0, C>0, D>0, I>0, J<0, K> 0, L<0
• AC-F2 >0, BD-E2 >0, K> |L|
The quadratic strain energy density from (3.6) contains twelve parameters. The
six parameters (A-F) were estimated for a (9, 6) carbon nanotube by Chan-
draseker et al. [10]. The remaining six parameters (G-L) were estimated by Ku-
mar et al. [32]. The values of the material parameters for a (9,6) and a (10,10)
SWNT, used in the present paper, are given in Table 3.1. It is noted that the
values of the (9,6) parameters in Table 3.1 have been obtained from two differ-
ent sources - DFTB and Tersoff-Brenner potential. For example, the value of
the extension-twist coupling parameter E for a (9,6) SWNT, which was nearly
zero from DFTB, has been revised using the Tersoff-Brenner potential [33]. The
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Parameter Physical meaning Value (9,6) Value (10,10) Units
A Bending modulus 7.405 829.9 Ha × Å
B Twist modulus 480.946 391.9 Ha × Å
C Shear modulus 10.195 7.3 Ha/Å
D Axial stretch modulus 31.02 28.19 Ha/Å
E Coupling coefficient : extension and twist 0.8257 0.0 Ha
F Coupling coefficient : shear and bending 0 0.0 Ha
G Poisson coupling : axial and x secn. stretch 9.91 11.7 Ha/Å
H Coupling : twist and x secn. stretch -0.6124 0.0 Ha
I Average cross-sectional stretch modulus 52.5 45.5 Ha/Å
J Change of cross-sectional area modulus -17.9 -17.3 Ha/Å
K Penalty for variation in x secn. strains 163.4 378.7 Ha × Å
L Penalty for variation in x secn. strains -150.4 -356.4 Ha × Å
Table 3.1: Material parameters for (9,6) and (10,10) SWNT
material parameters for the (10,10) SWNT have been obtained from the Tersoff-
Brenner potential [33].
3.2 Equations of Equilibrium
Nine unknown field variables have been presented in the previous section:
three variables corresponding to the centerline displacement r, three variables
corresponding to rigid rotation of cross-section R and three for in-plane cross-
sectional deformation z. To solve for these variables, nine equations are needed.
The first six euqations are the usual linear and the angular momentum balance
equations as in the special Cosserat rod theory:
LMB : n
′
+ f = 0
AMB : m
′
+ r
′ × n + g = 0
(3.7)
Here n = R∂Φ
∂v and m = R
∂Φ
∂k denote the internal contact force and the internal
moment acting at a cross-section, while f and g denote the distributed force and
the distributed couple per unit of undeformed length respectively, acting along
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the length of rod. The last three equations were proposed in Kumar et al. [32]
as:
Q′1 − q1 + r1 = 0 (3.8)
Q′2 − q2 + r2 = 0 (3.9)
Q′3 − q3 + r3 = 0 (3.10)
If one writes Q =

Q1
Q2
Q3
 , q =

q1
q2
q3
 and r =

r1
r2
r3
, the three additional equations can
be written in compact form as:
Q′ − q + r = 0
or,
(
∂Φ
∂z′
)′
− ∂Φ
∂z
+ r = 0
(3.11)
Here, Q1 = ∂Φ∂a′ , Q2 =
∂Φ
∂b′ and Q3 =
∂Φ
∂c′ are the conjugate forces associated with
cross-sectional deformations a′ , b′ and c′ . Similarly, q1 = ∂Φ∂a , q2 =
∂Φ
∂b and q3 =
∂Φ
∂c
are the conjugate forces associated with cross-sectional deformation parameters
a, b and c. The distributed conjugate forces are:
r1 = e1 · RT
[∫
∂Ω
X1Pν +
∫
Ω
X1ρ0b
]
r2 = e2 · RT
[∫
∂Ω
X2Pν +
∫
Ω
X2ρ0b
]
r3 = e2 · RT
[∫
∂Ω
X1Pν +
∫
Ω
X1ρ0b
]
+ e1 · RT
[∫
∂Ω
X2Pν +
∫
Ω
X2ρ0b
] (3.12)
Thus (3.7) and (3.11) together form a complete set of nine ordinary differential
equations. The set of ODEs can be solved using a variational formulation. This
approach is presented in the next section.
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3.3 Variational Formulation to Solve the System of ODEs
In order to solve equations (3.7) and (3.11), a weak form of the equilibrium equa-
tions (which enables the unknowns to belong in the space C1 compared with C2
in strong form) was proposed by Kumar et al. [32].
The unknowns that need to be solved for are r(s), R(s) and z(s) in C1. Now
define θ(s) as a vector directed along the axis of ratation of R(s). Accordingly,
θ(s) denotes the angle of rotation. Further, let Θ(s) be a skew symmetric matrix
whose axial vector is θ(s). Then, R(s) = exp(Θ(s)). Assuming absence of lateral
traction or body force, one arrives at the following “spatial” weak form:
G ≡
1∫
0
n′ · η0 +
(
m′ + r′ × n) · ψ + (Q′ − q) · λ ds (3.13)
Here, η (s) ≡ (η0 (s) ,ψ (s) , λ (s)) are the admissible test functions (arbitrarily
smooth). Also, η0 and ψ correspond to smooth variations of r and θ respec-
tively, whereas λ corresponds to smooth varitaion in the cross-sectional strain
measure z. These functions may vanish at the boundary. Then (3.13) is inte-
grated by parts to get:
G ≡
1∫
0
[
n · (η′0 − ψ × r′) + m · ψ′ + Q · λ′ + q · λ] ds − (n · η0 + m · ψ + Q · λ) ∣∣∣∣10
(3.14)
The boundary terms
(
n · η0 + m · ψ + Q · λ
) ∣∣∣∣1
0
in the expression (3.14) will vanish
for Dirichlet problems (or free boundary problems) as the admissible smooth
test functions (or the stress resultants) vanish at the boundary in such cases. It
should be noted that the boundary terms in the expression (3.14) could render
DG, the linearized part of G (the tangent stiffness operator), non-symmetric in
the case of non-conservative problems [31, 48].
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In order to linearize the weak form, let φ(s) = (r(s)+4r(s), exp(4θ(s))R(s), z(s)+
4z(s)) be the perturbed configuration of a rod about any configuration φ(s) =(
r(s),R(s), z(s)) . Hence, using Taylor’s expansion:
G(φ , η) = G(φ, η) + DG(φ, η)
[4φ] + o (|4φ|) . (3.15)
The discrete form of expression (3.15), obtained by the finite element procedure,
is carried out in the following section. The static equilibria are obtained through
Newton’s iterative method. Below we show an expression for the tangent stiff-
ness operator whose derivation follows along the lines of Simo & Vu-Quoc [48].
Following their notation [48], define:
C˜(9×9) =

∂2Φ
∂v2
∂2Φ
∂v∂k
∂2Φ
∂v∂z′
∂2Φ
∂k∂v
∂2Φ
∂k2
∂2Φ
∂k∂z′
∂2Φ
∂z′∂v
∂2Φ
∂z′∂k
∂2Φ
∂z′2
, Π(6×6) =
R 00 R
, ET(6×6) =
1
d
ds r
′×
0 1 dds

Cz(9×3) =

∂2Φ
∂v∂z
∂2Φ
∂k∂z
∂2Φ
∂z′∂z
, C(12×12) =
 C˜ CzCzT ∂2Φ
∂z2

Thus:
DG(φ, η)
[4φ] ≡ 1∫
0
 EΠ 0(6×3) 0(6×3)0(3×6) 1 dds 1
 C
 EΠ 0(6×3) 0(6×3)0(3×6) 1 dds 1

T
4φ · η
+
0 −n×0 −m×

4r04θ0
 · ET
η0ψ
 + (n × 4r′0) · ψ ds
(3.16)
The tangent stiffness operator (3.16) resembles structrually the one proposed
by Simo and Vu-Quoc [48]. As a result, an analogous finite element method
formulation can be carried out here.
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3.4 Finite Element Formulation
In this section, a finite element formulation is presented based on the variational
equations discussed in the prevous section. Details of the discretization and
finite element arrays will be considered first. The updating procedure using the
Newton-Raphson method is examined subsequently.
3.4.1 Discretization of the Domain
Consider a standard finite element discretizaion on the 1-D domain [0, L] =
n∑
i=1
hi,
where n is the the number of elements and hi = L/n denotes the typical length
of each element. Accordingly, let ∆φh = (∆rh,∆θh,∆zh) be the incremental field
superposed onto the configuration Φ. The incremental field in terms of shape
functions can be formulated as:
∆rh(s) =
2∑
i=1
Ni(s)∆ri(s),
∆θh(s) =
2∑
i=1
Ni(s)∆θi(s),
∆zh(s) =
2∑
i=1
Ni(s)∆zi(s)
(3.17)
where Ni(s) denotes the linear shape function associated with node i, and
ri(s), θi(s) and zi(s) are the nodal incremental variables of the centerline posi-
tion, rotation of cross-section and cross-sectional deformation at node i. In this
paper, a rod element has two nodes. Linear shape functions are used here:
N1 =
hi − s
hi
, N2 =
s
hi
(3.18)
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3.4.2 Descretization of the Linearied Weak Form
Now consider the linearized weak form. The linear part of the weak form at the
configuration φ can be expressed as:
DGh(φh, ηh)[∆φh] = −Ph(φ) · ηh (3.19)
where Ph(φ) denotes the unbalanced force vector in a typical element. Neglect-
ing the body force, the unbalanced nodal force in a typical element has the fol-
lowing expression:
Ph(φ) =
∫
Oh

nh
mh
Qh
qh

ds (3.20)
where Oh represents the discrete differential operater associated with node i.
Assume that the spatial stress vector is [mh,nh,Qh, qh]. Substitution of (3.17) into
the operator yields:
Oh =

N
′
i1 0 0 0
−Ni[r′×] N ′i1 0 0
0 0 N ′i1 −1
 (3.21)
This completes the computation of the local residual vector.
3.4.3 Computation of Tangent Stiffness Matrix
Now consider the discretized linearized weak form. Here, linear shape func-
tions are used in the discretized linear parts of the weak form, as:
L[Gh(φh, ηh)] = ηh · [{Sh(φh) + Th(φh)}∆φh + Ph(φ)] (3.22)
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where Sh(φh) and Th(φh) represent the element material stiffness matrix and the
element geometric stiffness matrix, respectively. Now the shape functions in
(3.17) can be incoporated into the expressions for the material and geometric
stiffness matrices. One gets:
S hi j =
∫  E
h
i Π 0(6×3) 0(6×3)
0(3×6) N
′
i1 Ni1
 C
 E
h
jΠ 0(6×3) 0(6×3)
0(3×6) N
′
j1 N j1

T
ds (3.23)
In this expression, Ehi contains the discrete differential operators which are de-
fined as:
Ehi =
 N
′
i1 0
−Ni[r′×] N ′i1
 . (3.24)
and C is the elasticity tenor and defined as:
C(12×12) =
 C˜ CzCzT ∂2Φ
∂z2

The strain energy dessity Φ of a single walled carbon nanotube is defined in
(3.6). The expression in (3.6) is used to calculate the elasticity tensor C as fol-
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lows:
C =


C 0 0
0 C 0
0 0 D


F 0 0
0 F 0
0 0 E

[
0
]

0 0 0
0 0 0
G
2
G
2 0

F 0 0
0 F 0
0 0 E


A 0 0
0 A 0
0 0 B

[
0
]

0 0 0
0 0 0
H
2
H
2 0

[
0
] [
0
]

K
4
K
4 +
L
2 0
K
4 +
L
2
K
4 0
0 0 −L

[
0
]

0 0 G2
0 0 G2
0 0 0


0 0 H2
0 0 H2
0 0 0

[
0
]

I
4
I
4 +
J
2 0
I
4 +
J
2
I
4 0
0 0 −J


. (3.25)
The geometric tangent stiffness is obtained by evaluating the geometric con-
tribution of the tangent stiffness. The discrete form of the geometric tangent
stiffness matrix has the form:
T hi j =
∫  0 −[n
h×]hN ′iN j
[nh×]NiN ′j −[m×]N ′iN j + [nh ⊗ r′0 − (n · r
′
0)1]NiN j
 ds. (3.26)
Here, nh is a discretized version of n, and [(·)×] is a skew-symmertic matrix
whose axial vector is (·). This expression of the geometric stiffness matrix has
been proposed by Simo and Vu-Quoc [48].
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3.4.4 Configuration Updating Algorithm
The updating procedure for the equilibrium configuration using a Newton-
Raphson strategy is presented next. In a typical iterative method, assume the
current configuration Φn = (rn(s),Rn(s), zn(s)) is obtained. Then solve the lin-
earized weak form (3.19) for an incremental deformation (∆r,∆θ,∆z). Here, ∆r is
the increment of the deformation of the centerline, ∆θ is the increment of the ax-
ial vector of the skew-symetric tensor Θ and ∆z is the incremental deformation
of the cross-section. An update procedure is given by the formulae:
rn+1(s) = rn(s) + ∆r,
Rn+1(s) = exp[Θ(s)]Rn(s),
zn+1(s) = zn(s) + ∆z(s)
(3.27)
It should be noted that the exponential of a skew symmetric matrix exp[Θ(s)]
is an orthogonal rotation matrix. This matrix can be calculated from the axial
vector ∆θ using quaternions. Let q = q0+q1e1+q2e2+q3e3. Recall that quaternions
can be expressed as:
q = cos(
1
2
‖∆θ‖) + ∆θ‖∆θ‖ sin(
1
2
‖∆θ‖). (3.28)
Finally, exp[Θ(s)] can be expressed by the four quaternions as:
exp[Θ(s)] = 2

q20 + q
2
1 − 12 q1q2 − q3q0 q1q3 + q2q0
q2q1 + q3q0 q20 + q
2
2 − 12 q2q3 − q1q0
q3q1 − q2q0 q3q2 + q1q0 q20 + q23 − 12
 (3.29)
The iterations terminate when (3.19) is satisfied within a given precision.
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3.5 Numerical Examples
In this section, several numerical examples, that illustrate the performance of
the formulation above, are presented using the finite element solver. The first
example investigates the coupling between extension and twist, extention and
cross-sectional deformation and twist and cross-sectional deformation of a 9× 6
chiral SWNT. The primary objective of this example is to show that the model
above has the capability to model a chiral SWNT. The effect of chirality is often
neglected in other continuum models of SWNTs.
It is noted that the parameters listed in Table 3.1 are used for the (9,6) chiral
SWNT simulations. The partial set of parameters (from Table 3.1), that are ac-
tive for these coupled axial extension-twist-cross-sectional deformation mode
simulations, have been obtained from the Tersoff-Brenner potential in a consis-
tant manner [33].
The next example is concerned with the buckling behavior of a (10,10) armchair
SWNT. Its material parameters are also listed in Table 3.1. The effect of chirality
is dominant only in coupled extension-twist-cross-sectional stretch modes, so
the (9,6) SWNT is used for this example. However, the bending modulus does
not change a lot when a nanotube is twisted even by 10 percent [33]. Hence,
an armchair (10,10) SWNT is used for buckling analysis so that buckling can be
analyzed independent of chiral effects (if any).
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3.5.1 Coupling between Extension, Twist and Cross-sectional
Deformation Modes
This example is devised to show the coupling of the aformentioned deforma-
tion modes for a (9,6) chiral SWNT. The coupling between extension and twist
of a SWNT is has been reported in Chandraseker and Mukherjee [8]. Here,
a straight (9,6) chiral SWNT with diameter 1nm and length 10nm is clamped
at one end against both rotation and translation but change of its radius is al-
lowed, while the other end is free from constraint and with prescribed force and
moment boundary conditions. Three different cases are investigated here. In
the first case, the SWNT is axially stretched from a relaxed configuration. The
top two curves in Fig. 3.2 show the induced cross-sectional deformation due
to extension and induced twist due to extension. Here r denotes the radius of
SWNT and  denotes the axial strain. In the second and third cases, the SWNT is
subjected to twist from a relaxed configuration. The middle two curves in Fig.
3.2 describe the induced cross-sectional deformation due to twist in opposite
directions. Finally, the bottom two curves describe the induced extension and
compression due to applied twist in opposite directions.
It is seen from Fig. 3.2 that the usual Poisson effect (shinkage of the cross-
section of a SWNT induced by applied axial extension) is significant with an
average value of Poisson’s ratio around 0.3. Fig. 3.2 also shows that the other
couplings (extension-twist and twist-cross-sectional deformation) are present,
although rather weak.
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Figure 3.2: Coupling between extension, twist and cross-sectional defor-
mation of an 9 × 6 chiral SWNT
3.5.2 Euler Buckling of a (10,10) SWCNT
This section presents a numerical example corresponding to Euler buckling of
a (10,10) nanotube when it is compressed. The nanotube contains 2000 carbon
atoms and its radius is 0.69 nm. The boundary conditions at the two ends are
prescribed as in the equations (3.30) and (3.31).
rα(−1) = 0, α = 1, 2, r3(−1) = (−1 + λ) L/2
R(−1) = I
a(−1) = b(−1) = 1.0
c(−1) = 0
(3.30)
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Figure 3.3: A straight rod in the straight state reference configuration rep-
resenting a naotube: λ denotes the compressive strain
rα(1) = 0, α = 1, 2, r3(1) = (1 − λ) L
R(1) = I
a(1) = b(1) = 1.0
c(1) = 0
(3.31)
The two ends are fully clamped. The axial displacements of the two end points
are prescribed through the parameter λ as shown in Fig. 3.3.
The twelve material parameteres of this nanotube were obtained using the sec-
ond generation Tersoff-brenner potential [33] and are shown in Table 3.1. These
material parameters satisfy all the inequality constraints for this nanotube to be
materially stable [31]. It may also be noted from Table 3.1 that the coupling pa-
rameters E, F and H are all zero since the nanotube is not chiral.
Fig. 3.4 shows the buckling load for this nanotube as a function of its length.
The buckling load in the figure has been normalized by the Euler buckling
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Figure 3.4: Normalized buckling load of a (10,10) nanotube as its length
increases
load formula for clamped-clamped boundary conditions. It is observed that
as the length of the nanotube increases, the nanotube starts behaving more like
a Euler-Bernouli rod and its stretching becomes insignificant. Fig. 3.5 shows
the bifurcation diagram for compression of a (10,10) nanotube 12.5 nm long.
It plots the mid-point displacement of the nanotube on the y-axis. It can be
observed that after a certain critical compression (7.7%), the straight state solu-
tion becomes unstable while a stable buckled configuration emerges. Fig. 3.6
shows how the axial force (copmpressive) varies as compression is increased.
The compressive force in the figure has been normalized by the buckling load
of the nanotube. Interestingly, after critical compression, the compressive axial
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Figure 3.5: Bifurcation diagram of a (10,10) nanotube: Y-axis plots mid-
point displacement
force in the buckled configuration does not change much. This fact suggests
that the nanotube is releasing its extra compressive enenrgy by bending itself.
The next figures show how the radius of the nanotube is affected by compres-
sion. Fig. 3.7 shows the radius of a nanotube as a function of its length at
7.2% compression (just before buckling). It is seen that there is a small tran-
sition zone in which the radius of the nanotube changes abruptly and finally
settles to a fixed value. More interestingly, Fig. 3.8 shows the same radius in
the buckled configuration of a nanotube. Now the lateral surface of the nan-
otube becomes wavy when it buckles. A typical buckled configuration of this
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Figure 3.6: Normalized axial force (compressive) in a nanotube as it is
compressed
nanotube is shown in Fig. 3.9.
3.6 Concluding Remarks
An atomistic continuum model, based on an extended Cosserat rod theory,
for mechanical deformation of a SWNT, has been proposed recently[32]. The
present paper carries out a FEM implementation of this model. Geometric non-
41
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1
1.005
1.01
1.015
1.02
1.025
1.03
1.035
arc−length coordinate of a nanotube (scaled)
ra
di
us
 o
f t
he
 n
an
ot
ub
e 
(sc
ale
d)
Figure 3.7: Radius of the nanotube in the straight state configuration
linearity is included in the FEM implementation. Two kinds of problems are
considered in the numerical examples - coupling of extension, twist and cross-
sectional deformation of a (9,6) chiral SWNT and Euler buckling of a (10,10)
armchair SWNT.
An interesting problem is the dependence of material properties of a SWNT
on a subset of these parameters, together with the chirality of the SWNT. This is
a subject of ongoing work.
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Figure 3.8: Radius of the nanotube in the buckled configuration: applied
compressive strain is 15 %.
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CHAPTER 4
A CLASS OF REDUCED ELASTIC MODULI FOR THE ROD MODEL AND
CONNECTION BETWEEN SWNTS WITH DIFFERENT CHIRALITIES
4.1 Introduction and Outline
The aformentioned rod model has a disadvantage that when modeling a SWNT,
rod parameters need to be found on a case by case basis. This disadvatage lim-
its the application of this rod model for SWNTs. In the present chapter, a class
of reduced elastic moduli, based on the aformentioned twelve rod parameters,
are derived for both an isotropic material and a transversly isotropic material.
The approach is based on exploration of material symmetry. In the case of an
isotropic material, the twelve rod parameters can be reduced to only two Lame’s
constants and areas of moments of inertia which are related to the geometry of a
rod’s cross-section. Carbon nanotubes are known be anisotropic. The type of a
SWNT is determined by its chirality. The atomistic arrangement of a SWNT can
be viewed as comprising a primary helical direction. The mechanical properties
of a SWNT has been reported to be significantly affected by the chirality from
both experiemtal studies and atomistic simulations. In the previous chapter,
the (10,10) SWNT and (9,6) SWNT are described by different rod parameters.
In this chapter, we will discuss the relationship between rod parameters and
chirality of a SWNT. This is done primarily by exploring the material symme-
try and constitutive relation of transversly isotropic materials with five material
parameters. Explicit expression are presented for the twelve rod parameters in
terms of the five material parameters, the chirality angle and the geometry of
its cross-section. This is a unified approach to describe all types of SWNTs. It
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is noted for this model that material symmetry is based on continuum mechan-
ics. As a result, certain adjustments of parameters may be needed for describing
SWNTs, which are atomistic structures. For example, in Chapter 2, the bending
stiffness of a SWNT was found to be around EI60 which can not be explained by
continumm mechanics. More experimental efforts will be needed to finally de-
termine this quantity.
The outline of this chapter is as follows. In Section 3.2, the rod parameters
are derived based on the constitutive law for an isotropic material. In Section
3.3, the rod parameters for a SWNT are derived using the transversly isotropic
assumption. In Section 3.4, the special case of armchair SWNT is discussed.
Section 3.5 concludes this Chapter.
4.2 A Class of Reduced Elastic Moduli of Isotropic Rod Model
Simo and Vu-Quoc [49] succesfully reduced the elastic moduli of a special type
of Cosserat rod model, including cross-section warping by exploiting material
symmetry. This section is motivated by Simo’s approach and a set of reduced
moduli of the Cosserat rod model used in this dissertation are derived.
The goal is to obtain the nine Cosserat rod parameters A, B, B, D, G, I, J, K,
L, in terms of the lame parameters and the geometry of the cross-section of an
isotropic rod.
The deformation gradient can be written as:
F = R
[
v ⊗ e3 + Xα(R′U + RU′)eα ⊗ e3 + RUeα ⊗ eα
]
(4.1)
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Here, v = RTr′ is a 3-vector, the first two components of which represent shear
while the third component represents axial stretch, K = RTR′ is a skew symmet-
ric matrix whose axial vector is a 3-vector, the first two components of which
represent components of local curvature while the third component represents
twist. U is defined in (3.3). Let H be a rank-two material tensor defined as
H = RTF − 1. We have
H = v ⊗ e3 + Xα(R′U + RU′)eα ⊗ e3 + RUeα ⊗ eα − 1 (4.2)
Next, we define the symmetric part of H as Hs = 12
[
H + HT
]
. As for small strains,
the following constitutive equation is valid:
Σαβ =
[
λσαβσρθ + 2G¯σαρσβθ
]
H sρθ (4.3)
.
Here, λ and G¯ denote the Lame’s constants. As a derivation in elasticity,
assume that Σα3 = 2G¯H sα3 and Σ33 = E¯H
s
33 + λH
s
αα, where G¯ denotes the shear
modulus and E¯ denotes the Young’s modulus.
The internal contact force N can be found as follows:
N = RT
∫
Ω
PeedΩ =
∫
Ω
Σi3eidΩ
=
∫
Ω
G¯ναeαdΩ +
∫
Ω
(λ + 2G¯) (ν3 − 1) e3dΩ +
∫
Ω
2λ
(
a + b
2
− 1
)
e3dΩ
= G¯A¯ναeα + (λ + 2G¯)A¯(ν3 − 1)e3 + 2λA¯
(
a + b
2
− 1
)
e3
(4.4)
Here A¯ denotes the area of cross section of the rod.
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In our isotropic rod model with nine parameters, the internal contact force
can be derived from the strain energy expression as:
N =
∂Φ
∂νi
ei = Cναeα + D (ν3 − 1) e3 +G
(
a + b
2
− 1
)
e3 (4.5)
Comparing (4.4) with (4.26), the rod parameters C, D and C can be expressed
in term of λ, G¯ and A¯ as follows:
C = G¯A¯
D =
(
λ + 2G¯
)
A¯
G = 2λA¯
(4.6)
Similarly, the internal contact moment M can be expressed as:
M = RT
∫
Ω
XαRUeα × (Σi3ei) dΩ
=
∫
Ω
(
λ + 2G¯
)
X2ακαdΩ +
∫
Ω
G¯(X21 + X
2
2)κ3dΩ
= (λ + 2G¯)I¯καeα + G¯J¯κ3e3
(4.7)
Here, I¯ is the moment of area and J¯ denotes the polar moment of inertia. The
internal contact moment can be obtained from the energy expression as:
M =
∂Φ
∂κi
ei = Aκαeα + Bκ3e3 (4.8)
Thus, the bending and twisting moduli can be found as A = (λ+2G¯)I¯ and B = G¯J¯.
Next, we will derive the other moduli from the internal conjugate force expres-
sion:
Q1 =
∫
Ω
X1e1 · Σi3eidΩ = G¯I¯a′ (4.9)
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Here, Q1 denotes the internal force conjugated to a
′ . From the energy expression
we also obtain:
Q1 =
∂Φ
∂a′
= K
(
a
′
+ b
′
2
)
+
L
2
b
′
(4.10)
. Comparing the two expressions, K and L could be written as:
K = 4G¯I¯, L = −2G¯I¯ (4.11)
The last three rod parameters can be derived from the internal force conjugated
to a. Let q1 be the conjugate force. Then, we have the following expression:
q1 = −e1 · κ × RT
∫
Ω
X1Pe3dΩ +
∫
Ω
e1 · (RTPe1)dΩ
=
(
λ + 2G¯
)
A¯ (a − 1) + λA¯ (b − 1) + λA¯ (ν3 − 1)
(4.12)
.
The expression of q1 can also be obtained from strain energy equation as:
q1 =
∂Φ
∂a
= I (a − 1) + I (b − 1) + J
2
(b − 1) + G
2
(ν3 − 1) (4.13)
.
Finally, we obtain the last two rod modulus by comparing the two expres-
sions of q1 as:
I = 4
(
λ + 2G¯
)
A¯, J = −4G¯A¯ (4.14)
It should be noted that these results are consistant with Chapter 2 except that
the bending modulus was independent but now is based on beam theory.
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Figure 4.1: Different types of SWNT
4.3 A Class of Reduced Elastic Moduli for a Hemitropic Rod
Model for a Chiral SWNT
SWNTs are classified as Zigzag, Armchair or chiral SWNT depending on the
helical direction of the lattice (see Fig. 4.1). A chiral SWNT is the most gen-
eral form of a SWNT since zigzag and armchair SWNT can be treated as a 0
degree and 90 degree chiral SWNT, respectively. A chiral SWNT is modeled in
this work by a chiral rod model with twelve moduli. In this Chapter, we fur-
ther explore the material symmetry of a SWNT to simplify the rod parameters.
The hyperelastic transversly isotropic material symmetry is combined with a
rod model to characterize the chirality of a SWNT. Specifically, we assume that
the symmetry plane of a transversely isotropic material is perpendicular to the
helical direction which is related to the chirality of a SWNT.
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Figure 4.2: A Chiral SWNT in relaxed configuration
4.3.1 Transversely Isotropic Material Symmetry
A material is said to be orthotropic if it is characterized by symmetry with re-
spect to three mutually orthogonal planes, reflection from which leaves material
properties unchanged. The axes normal to these planes are called principal ma-
terial directions. Transversely isotropic material symmetry is a special case of
orthotropic material symmetery. In this case, all directions orthogonal to the
principal material directions become equivalent. In this work, the principal ma-
terial direction for a chiral SWNT can be described as the helical direction of
the graphene latice. Let li · l j = δi j (i, j = 1, 2, 3) be the unit base vectors in the
principal material directions. The structual tensors are defined as:
Li = li ⊗ li, i = 1, 2, 3. (4.15)
Next, we will derive the mathmatical expressions for the principal material
direction for a chiral SWNT. For a chiral SWNT in a relaxed configuration in Fig.
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4.2, let r (s) be the position of a helix with respect to the rod coordinate s. Now,
r(s) has the following form:
r(s) = se3 + XαΘ0s (e3 × eα) . (4.16)
In the expression above, Θ0 is related to the chirality angle of a chiral SWNT. Θ0
is the angle of rotation of the helix per unit length along the SWNT. This is:
Θ0 =
√
3(n − m)
3c(m + n)
(4.17)
Here, c denotes the radius of the SWNT. The direction of the helix of a SWNT
can be found by taking the dirivative of the position vector as:
r
′
= e3 + Θ0X1e2 − Θ0X2e1. (4.18)
Then the unit vector at the prime material direction l1 could be derived from r
′
as
l1 =
1√
1 + Θ20X
2
1 + Θ
2
0X
2
2
(e3 + Θ0X1e2 − Θ0X2e1) . (4.19)
The structual tensors for transversely isotropic material can be expressed in this
case by
L1 = l1 ⊗ l1, L2 = L3 = 12 (I − l1 ⊗ l1) , (4.20)
where I denotes the second order identity tensor.
Next, we use the St. Venant-Kirchhoff model to represent the hyperelastic for-
mulation of the transversely isotropic material. In this model, the constitutive
relations can be written as:
Σ =
3∑
i, j
ai jtr (ELi)L j +
3∑
i, j,i
2Gi jLiEL j. (4.21)
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Here, E denotes the Green strain tensor. It can be proved [49] that for small
strain E is equavalent to H. In the expression of the stress tensor, the material
constants are expressed by
aii = E¯i
1 − ν¯ jkν¯k j
∆
, ai j = a ji = E¯i
ν¯i j + ν¯k jν¯ik
∆
, i , j , k , i, i, j = 1, 2, 3
∆ = 1 − ν¯12ν¯21 − ν¯23ν¯32 − 2ν¯21ν¯32ν¯13.
(4.22)
The St. Venant-Kirchhoff model contains the following material constants:
E¯i(i = 1, 2, 3) : Young′s moduli,
G¯i j = G¯ ji(i , j , 1, 2, 3) : shear moduli,
ν¯i j = ν¯ ji
E j
Ei
(i , j , 1, 2, 3) : Poisson′s ratios
(4.23)
As for transversely isotropic material symmetry, all directions that are orthog-
onal to the principal material direction should be equivalent. The following
relations are valid:
E¯3 = E¯2, ν¯12 = ν¯13 (ν¯21 = ν¯31) , G¯21 = G¯31, G¯23 =
E¯2
2 (1 + ν¯23)
. (4.24)
Here, because of the material symmetry, five independent material constant
could be defined as
E¯1, E¯2 : Young′s moduli,
G¯ = G¯12 = G¯13 : shear moduli,
ν¯1 = ν¯12, ν¯2 = ν¯23 : Poisson′s ratios
(4.25)
4.3.2 Rod Parameters in Term of Material Parameters and Chi-
rality Angle
In a hemitropic rod model for a chiral SWNT with twelve parameters, the inter-
nal contact force can be derived from its strain energy expression as:
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N =
∂Φ
∂νi
ei = Cναeα + D (ν3 − 1) e3 + Eκ3e3 + Fκαeα +G
(
a + b
2
− 1
)
e3 (4.26)
The internal contact force could also be derived from constitutive equations
as
N =
∫
Ω
Σ13e1dΩ +
∫
Ω
Σ23e2dΩ +
∫
Ω
Σ33e3dΩ. (4.27)
Using expression in (4.21), the rod parameters: C,D,E,F,G can be found in
the following form:
C =
∫
Ω
1(
X21 + X
2
2
) (
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (a11Θ20X42 − a13Θ20X42 − a31Θ20X42
+ a33Θ20X
4
2 +G21X
2
1 +G31X
2
2 + a11Θ
2
0X
2
2X
2
1 + a33Θ
2
0X
2
2X
2
1 −G13Θ20X42
+G21Θ20X
4
2 +G23Θ
2
0X
4
2 −G31Θ20X42 +G13Θ40X62 − a31Θ20X22X21 − a13Θ20X22X21
+ 2G13Θ40X
4
2X
2
1 +G13Θ
4
0X
2
2X
4
1 +G21Θ
2
0X
2
2X
2
1 +G23Θ
2
0X
2
2X
2
1 + 2G23Θ
4
0X
2
2X
4
1
+G23Θ40X
2
2X
4
1 −G31Θ20X22X21 −G13Θ20X22X21)dΩ
(4.28)
D =
∫
Ω
1(
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (a33X42Θ40 + a33X41Θ40 + a31X22Θ20 + a31X21Θ20
+ 2a33X21X
2
2Θ
4
0 + 2G13X
2
2Θ
2
0 + 2G13X
2
1Θ
2
0 + 2G31X
2
2Θ
2
0 + 2G31X
2
1Θ
2
0
+ a11 + a13X22Θ
2
0 + a13X
2
1Θ
2
0)dΩ
(4.29)
E =
∫
Ω
1(
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (−a13X22Θ0 − a13X21Θ0 + a11X22Θ0 + a11X21Θ0
− 2G31X22Θ0 − 2G31X21Θ0 + 4G13X21X22Θ30 − 2a33X21X22Θ30
+ 2a31X21X
2
2Θ
3
0 − a33X42Θ30 − a33X41Θ30 + a31X42Θ30 + a31X41Θ30
+ 2G13X42Θ
3
0 + 2G13X
4
1Θ
3
0)dΩ
(4.30)
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F =
∫
Ω
1(
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (G13X21X22Θ30 +G31X21X22Θ30 + a13X21X22Θ30 − a33X21X22Θ30
−G13Θ0X21 +G13Θ30X41 −G31Θ0X21 +G31Θ30X41 − a31Θ0X21
+ a33X40Θ
3
0 + a11Θ0X
2
1 + a13Θ
3
0X
4
1)dΩ
(4.31)
G =
∫
Ω
1(
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (a33X22Θ20 + a33X21Θ20 − a21Θ20X22 − a21Θ20X21
+ 2a13Θ40X
2
2X
2
1 + a23Θ
2
0X
2
2 + a23Θ
4
0X
4
2 + a23Θ
2
0X
2
1 + a23Θ
4
0X
4
1
− 2G13Θ20X22 − 2G13Θ20X21 − 2G31Θ20X21 − 2G31Θ20X22 + a31 + a21
+ 2a23Θ40X
2
2X
2
1 + a11Θ
2
0X
2
2 + a11Θ
2
0X
2
1 + a13Θ
4
0X
4
2 + a13Θ
4
0X
4
1)dΩ.
(4.32)
Next, the rod parameters H, A and B can be found from the expression for
the internal contact moment. From the strain energy expression, internal contact
moment M is expressed in the following form:
M =
∂Φ
∂κ1
e1 +
∂Φ
∂κ2
e2 +
∂Φ
∂κ3
e3
= (A1 + Fν1) e1 + (A2 + Fν2) e2 +
(
E(ν3 − 1) + Bκ3 + H
(
a + b
2
− 1
))
e3
(4.33)
From the constitutive equations for a hemitropic rod, the internal contact
moment can be found as a function of material parameters as:
M = RT
∫
Ω
{XαRUeα × (Σi3ei)} dΩ (4.34)
Finally, these rod parameters can be found as:
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H =
∫
Ω
1(
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (a33X22Θ0 + a33X21Θ0 − a31X22Θ0 − a31X21Θ0
+ a23X22Θ0 + a23X
2
1Θ0 − a21X22Θ0 − a21X21Θ0 + a23X42Θ30 + a23X41Θ30
− a21X42Θ30 − a21X41Θ30 + a13X42Θ30 + a13X41Θ30 − a11X42Θ30 − a11X42Θ30
− 2G31X22Θ0 + 2a23X22X21Θ30 − 2a21X22X21Θ30 + 2a13X22X21Θ30 − 2a11X22X21Θ30
− 2G31X21Θ0 + 2G13X42Θ30 + 2G13X41Θ30 + −4G13X21X22Θ30)dΩ
(4.35)
A =
∫
Ω
1(
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (a31X42Θ20 + a33X62Θ40 + 2G13X42Θ20
+ 2G31X42Θ
2
0 + a13X
4
2Θ
2
0 + a11X
2
2 + 2G13X
2
1X
2
2Θ
2
0 +G31X
2
1X
2
2Θ
2
0
+ a31X21X
2
2Θ
2
0 + 2a33X
2
1X
4
2Θ
4
0 + a33X
4
1X
2
2Θ
4
0 + a13X
2
1X
2
2Θ
2
0)dΩ
(4.36)
B =
∫
Ω
1(
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (−G13X41Θ20 −G31X41Θ20 −G13X42Θ20 −G31X42Θ20
− a13X41Θ20 − a13X42Θ20 + a11X41Θ20 + a11X42Θ20 + a33X42Θ20
+ a33X41Θ
2
0 − a31X42Θ20 − a31X41Θ20 + 2a33X21X22Θ20
− 2a31X21X22Θ20 − 2a13X21X22Θ20 + 2a11X21X22Θ20 − 2G31X21X22Θ20
− 2G13X21X22Θ20 + 3G13X21X42Θ40 + 3G13X41X22Θ40
+G31X22 +G31X
2
1 +G13X
6
2Θ
4
0 +G13X
6
1Θ
4
0)dΩ
(4.37)
I and J can be found from internal conjugate force q1. From strain energy
expression, q1 can be expressed as
q1 =
∂Φ
∂a
=
J
2
(b − 1) + I
4
(a − 1) + I
4
(b − 1) + G + H
2
(ν3 − 1). (4.38)
From internal conjugate force expression, q1 can also be expressed as
q1 = −e1 ·
{
κ ×
∫
Ω
X1Σi3eidΩ
}
+
∫
Ω
e1 · Σi1eidΩ. (4.39)
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Then, rod parameters I and J can be expressed as follows:
I =
∫
Ω
4(
X21 + X
2
2
)2 (
1 + Θ20X
2
1 + Θ
2
0X
2
2
)2 (a21X41X22Θ20 + a23X21X42Θ20
+ a21X61X
2
2Θ
4
0 + 2a21X
4
1X
4
2Θ
4
0 + 2a22X
6
1Θ
2
0 + a22X
8
1Θ
2
04G12X
4
1X
4
2Θ
4
0 + 2G21X
4
1X
2
2Θ
2
0
+ 2G21X21X
4
2Θ
2
0 + 2G23X
4
2X
2
1Θ
2
0 + 2G21X
2
1X
6
2Θ
4
0 + 2G32X
2
1X
2
2 + a32X
2
1X
4
2Θ
2
0
+ a32X41X
2
2Θ
2
0 + a31X
2
1X
4
2Θ
2
0 + a32X
2
1X
2
2 + a23X
2
1X
2
2 + 2G12X
2
1X
6
2Θ
4
0 + a12X
2
1X
6
2Θ
4
0
+ 2a12X41X
4
2Θ
4
0 + a12X
4
1X
2
2Θ
2
0 + a12X
6
1X
2
2Θ
4
0 + a12X
4
2X
2
1Θ
2
0 + 2a11X
2
1X
6
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Rod parameters K and L could be found from interal conjugate force expres-
sion Q1. From the strain energy expression, Q1 has the following form:
Q1 =
∂Φ
∂a′
=
k
2
(a
′
+ b
′
) +
L
2
b
′
. (4.42)
Q1 as an internal force conjugated to a
′ can also be expressed as
Q1 =
∫
Ω
(X1e1 · Σi3ei)dΩ. (4.43)
Finally, the expressions of K and L are:
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(4.45)
Now, we derived all twelve rod parameters in term of five material parame-
ters and Chirality angle. The five material parameters could be estimated from
an inverse approach give the twelve rod parameters.
4.3.3 Special Case of Armchair SWNT
In the previous section, twelve rod parameters are derived for Chiral SWNT.
As for Armchair SWNT, it could be treat as a special case of Chiral SWNT with
primary material direction parallel to the axis of SWNT. This is equivalent to set
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Θ0 = 0. Then the following rod parameters for Armchair SWNT could be found
as
A = a11 I¯
B = G¯J¯
C = G¯A¯
D = a11A¯
E = 0
F = 0
G = (a21 + a31)A¯
H = 0
I = 6pia22t + 4piGt + 2pia32t
J = −4piGt + 2pia22t − 2pia32t
K = 4G¯I¯
L = −2G¯I¯
Here, t denotes the wall thickness of a SWNT. The radial modulus is I+J = 4a22A¯.
Three coupling moduli E, F and H vanish here. E is the coupling coefficient
between extension and twist. F is the coupling coefficient between shear and
bending. H is the coupling coefficient between twist and Poission effect. This is
in agreement with numerial and experimental results that armchair SWNT does
not show coupling between these deformation modes.
60
4.4 Conclusions
A mathematically consistent extension to the aformensioned rod theory is de-
veloped that connect an isotropic and a hemitropic rod by exploring material
symmetry. This proposed approach is applied to model SWNTs with different
chirality. It effectively connects the modeling of different types of SWNT using
five material parameters. The connection between different types of SWNT is
controled by the chirality angle in the previous derivation. Future effort could
involve solving the inverse problem to find these material parameters.
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CHAPTER 5
CONCLUSIONS AND FUTURE WORK
This dissertation is primarily motivated by both theoretical and computa-
tional challenges associated with the Cosserat rod model. The finite element
approach is developed for standard and revised Cosserat rod models with sev-
eral numerical examples to study the behavior of SWNT deformation such as
buckling of SWNT and coupling behavior of deformations modes. Futhermore,
an analytical study is performed to address a major disadvantage of the rod
model. A unified form for all types of SWNT is proposed in this work.
In Chapter 2, a FEM model for deformation of SWNTs, subjected to axial and
transverse forces, bending moments and torques, is presented in this work. This
analysis is based on a quadratic expression (2.18) for strain energy per unit un-
deformed length of a rod. The resulting constitutive model for the SWNT is
anisotropic. Geometric and material nonlinearities are included in this model.
Finally, a recent experimental paper is revisted using the solver developed.
In Chapter 3, a FEM implementation of an atomistic continuum model, based
on an extended Cosserat rod theory, for mechanical deformation of a SWNT, is
proposed. Geometric nonlinearity is included in the FEM implementation. Two
kinds of problems are considered in the numerical examples - coupling of ex-
tension, twist and cross-sectional deformation of a (9,6) chiral SWNT and Euler
buckling of a (10,10) armchair SWNT. This numerical implimentation provides
a strong and complete tool set to study the deformation of SWNTs.
In the next Chapter, an analytical study is performed to connect modeling of
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SWNTs with different chiralities. An unified expression of a rod model for all
types of SWNTs is proposed by exploring material symmetry of SWNTs. This
approach addresses a major disadvantage of the Cosserat rod model when mod-
eling SWNTs.
Future work will be needed to solve an inverse problem and find the new mate-
rial parameters. More fundamental studies of Cosserat rod model is be needed
as well. For example, a quadratic energy form is adopted for the Cosserat rod
model in this thesis and higher order energy terms are dropped. These higher
order of energy terms are useful for modeling some local behavior of SWNTs
such as local surface buckling. It would be useful to incorporate these higher
order terms in future work. The model in this thesis can be applied to other
applications of rod models e.g., DNA, fiber reinforced composite rods, etc.
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